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• In general relativity, the gravitational field encoded in the very geometry
of space-time ⇒ space-time itself ends at singularities. Penrose and
Hawking showed that cosmological singularities are quite generic. (True
also in inflationary scenarios (Borde,Guth Valenkin)). General expectation:
quantum effects important near singularities. Singularities are predictions
of GR in a regime where it cannot be trusted. Singularities are the natural
gateways to physics beyond Einstein.
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• In general relativity, the gravitational field encoded in the very geometry
of space-time ⇒ space-time itself ends at singularities. Penrose and
Hawking showed that cosmological singularities are quite generic. (True
also in inflationary scenarios (Borde,Guth Valenkin)). General expectation:
theory is pushed beyond its domain of applicability. Must incorporate
quantum physics. Singularities are the natural gateways to physics
beyond Einstein.

• But straightforward incorporation of quantum physics a la traditional
(i.e., WDW) quantum cosmology did not succeed.

• Situation very different in Loop Quantum Cosmology: Physics does not
stop at these singularities. Quantum Geometry extends its life.
Goal of the talk: Present highlights geared to cosmologists.

• Organization:
1. Conceptual Setting
2. FLRW Models: LQC Vs WDW Theory
3. More general models & Phenomenology
4. Summary
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1. Big Bang: Conceptual Setting

Some Long-Standing Questions expected to be answered by Quantum
Gravity Theories from first principles:

⋆ How close to the big-bang does a smooth space-time of GR make
sense? (e.g. At the onset of inflation?)

⋆ Is the Big-Bang singularity naturally resolved by quantum gravity?
(answer is ‘No’ in older quantum cosmology —the Wheeler-DeWitt theory)

⋆ Is a new principle/ boundary condition at the Big Bang essential?
(e.g. The Hartle-Hawking ‘no-boundary proposal’.)

⋆ Is the quantum evolution across the ‘singularity’ deterministic?
(So far the answer is ‘No’ e.g. in the Pre-Big-Bang and Ekpyrotic/Cyclic scenarios)

⋆ What is on the ‘other side’? A quantum foam? Another large, classical
universe? (Fascinating history within classical GR: Le Maître, Tolman, Gamow, Dicke,

Sakharov, Weinberg ...)
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Some Long Standing Questions (contd)

• UV - IR Tension: Can one have a deterministic evolution across the
singularity and agreement with GR at low curvatures? (Background dependent

perturbative approaches have difficulty with the first while background independent

approaches, with the second.)

(Green and Unruh)

• In LQC, these issues have been resolved for several cosmological
models. Physical observables which are classically singular (eg matter
density) at the big bang have a dynamically induced upper bound on the
physical Hilbert space. Mathematically rigorous and conceptually
complete framework.
(AA, Bojowald, Corichi, Pawlowski, Singh, Vandersloot, Wilson-Ewing, ...)

• Emerging Scenario:
In simplest models: Vast classical regions bridged deterministically by
quantum geometry. No new principle needed to join the pre-big bang and
post-big-bang branches.
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2. The k=0 FLRW Model

FLRW, k=0 Model coupled to a massless scalar field φ. Instructive
because every classical solution is singular. Provides a foundation for
more complicated models.
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Older Quantum Cosmology (DeWitt, Misner, Wheeler . . . 70’s)

• Since only finite number of DOF a(t), φ(t), field theoretical difficulties
bypassed; analysis reduced to standard quantum mechanics.

• Quantum States: Ψ(a, φ); âΨ(a, φ) = aΨ(a, φ) etc.
Quantum evolution governed by the Wheeler-DeWitt differential equation

ℓ4Pl

∂2

∂a2
(f(a)Ψ(a, φ)) = constG Ĥφ Ψ(a, φ)

Without additional assumptions, singularity is not resolved in this model.
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Older Quantum Cosmology (DeWitt, Misner, Wheeler . . . 70’s)

• Since only finite number of DOF a(t), φ(t), field theoretical difficulties
bypassed; analysis reduced to standard quantum mechanics.

• Quantum States: Ψ(a, φ); âΨ(a, φ) = aΨ(a, φ) etc.
Quantum evolution governed by the Wheeler-DeWitt differential equation

ℓ4Pl

∂2

∂a2
(f(a)Ψ(a, φ)) = constG Ĥφ Ψ(a, φ)

Without additional assumptions, singularity is not resolved.

• General belief since the 70’s: Impasse because of the von Neumann’s
uniqueness theorem of QM.

• In LQC, situation is very different due to the Quantum Riemannian
Geometry.

How is this possible? What about von Neumann’s theorem?
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Contrasting LQC and WDW Quantum Cosmology

• In the WDW quantum cosmology, one did not have guidance from a full
quantum gravity theory. Therefore, in quantum cosmology, one just
followed standard QM and constructed the Schrödinger representation of
the fundamental operator algebra.

• By contrast, quantum kinematics of LQG has been rigorously
developed. Background independence ⇒ unique representation of the
kinematic algebra (Lewandowski, Okolow, Sahlmann, Thiemann; Fleishhack)

Provides the arena to formulate quantum Einstein equations.

• In LQC we could mimic this framework step by step ⇒ One of the
assumptions of the von Neumann uniqueness theorem for quantum
mechanics is violated; Theorem is by-passed. In LQC we are led to a new
representation of the operator algebra, i.e., new quantum mechanics.
WDW theory and LQC are distinct already kinematically!
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Contrasting LQC and WDW Quantum Cosmology

• The LQC kinematics cannot support the WDW dynamics. The LQC
dynamics is based on quantum geometry. The WDW differential equation
is replaced by a difference equation.

C+(v) Ψ(v+4, φ)+Co(v) Ψ(v, φ)+C−(v)Ψ(v−4, φ) = γℓ2P ĤφΨ(v, φ) (⋆)

• In LQG, basic geometrical observables such as areas and volumes are
quantized. The area operator has a smallest eigenvalue, the area gap ∆.

• It turns out that the step size in (⋆) is governed by the area gap ∆.
Good agreement with the WDW equation at low curvatures but drastic
departures in the Planck regime precisely because the WDW theory
ignores quantum geometry.

– p. 10



Return to the k=0 FLRW Model

FLRW, k=0 Model coupled to a massless scalar field φ. Instructive
because every classical solution is singular. Provides a foundation for
more complicated models.
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k=0 LQC
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Expectations values and dispersions of V̂ |φ & classical trajectories.
Gamow’s favorite paradigm realized.
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k=0 LQC
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k=0 Results

Assume that the quantum state is semi-classical at a late time and evolve
backwards and forward. Then: (AA, Pawlowski, Singh)

• The state remains semi-classical till very early and very late times,
i.e., till R ≈ 1/lp2 or ρ ≈ 0.01ρPl. ⇒ We know ‘from first principles’ that
space-time can be taken to be classical during the inflationary era
(since ρ ∼ 10−12ρPl at the onset of inflation).

• In the deep Planck regime, semi-classicality fails. But quantum
evolution is well-defined through the Planck regime, and remains
deterministic unlike in other approaches. No new principle needed.

• No unphysical matter. All energy conditions satisfied. But the left side
of Einstein’s equations modified because of quantum geometry effects
(discreteness of eigenvalues of geometric operators.): Main difference
from WDW theory.
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k=0 Results

• To compare with the standard Friedmann equation, convenient to do an
algebraic manipulation and move the quantum geometry effect to the right
side. Then:

(ȧ/a)2 = (8πGρ/3)[1 − ρ/ρcrit] where ρcrit ∼ 0.41ρPl.
Big Bang replaced by a quantum bounce.

• The matter density operator ρ̂ = 1
2 (V̂φ)−1 p̂2

(φ) (V̂φ)−1 has an absolute

upper bound on the physical Hilbert space (AA, Corichi, Singh):
ρsup =

√
3/16π2γ3G2~ ≈ 0.41ρPl!

Provides a precise sense in which the singularity is resolved.
(Brunnemann & Thiemann)

• Quantum geometry creates a brand new repulsive force in the Planck
regime, replacing the big-bang by a quantum bounce. Physics does not
end at singularities. A robust super-inflation phase immediately after the
bounce.
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3. Generalizations

• More general singularities: At finite proper time, scale factor may blow
up, along with similar behavior of density or pressure (Big rip) or curvature
or their derivatives diverge at finite values of scale factor (sudden).
Quantum geometry resolves all strong singularities in homogeneous
isotropic models with p = p(ρ) matter (Singh).

• Inclusion of a cosmological constant and the standard m2φ2 inflationary
potential. k = 1 closed cosmologies. Singularities resolved and Planck
scale physics explored in all these cases.
(AA, Bentevigna, Pawlowski, Singh, Vandersloot, ...)
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k=0 Model with Positive Λ
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Inflation
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The k=1 Closed Model: Bouncing/Phoenix Universes.

Another Example: k = 1 FLRW model with a massless scalar field φ.
Instructive because again every classical solution is singular; scale factor
not a good global clock; More stringent tests because of the classical
re-collapse. (Le Maître, Tolman, Sakharov, Dicke,...)
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k=1 Model: WDW Theory
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k=1 Model: LQC

-5

-4

-3

-2

-1

0

0 2*104 4*104 6*104 8*104 1.0*105

φ

v

LQC
Effective
Classical

Expectations values and dispersions of V̂ |φ & classical trajectories.
(AA, Pawlowski, Singh, Vandersloot)

– p. 21



Beyond Isotropy and Homogeneity

• Generic space-like singularities in general relativity: the BKL
conjecture. Along world-lines approaching the singularity, coefficients
multiplying time derivatives dominate over those multiplying spatial
derivatives. as one enters the Planck regime, dynamics is well
approximated by Bianchi I model, with Bianchi II transitions and spikes.
Seems very surprising at first. But by now impressive evidence.
(Andersson, Berger, Garfinkle, Lim, Moncrief, Rendall, Uggla, ...)

• Bianchi I and II models have been analyzed in LQC. Singularities
resolved but the bounce structure much more sophisticated. Every time a
curvature invariant enters the Planck regime, the quantum geometry
repulsive force dilutes it, preventing a blow-up. (AA, Wilson-Ewing, Chiou,

Vandersloot). Detailed numerical analysis in progress (Hermann & Tiglio).

• Infinite number of degrees of freedom: Gowdy Model. Again the
singularity resolved by quantum geometry effects.
(Martin-Benito, Mena, pawlowski).

• Together, the accumulated evidence suggests that in LQG there may
well be a general singularity resolution theorem.
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Phenomenology: Flavor of Work in Progress

• Ramifications of the quantum geometry: Super-inflation
(Copeland, Mulryne, Nunes, Shaeri).

Strategy: repeat the calculations normally done in inflationary scenarios
but with LQC corrected Einstein equations. Major difference: A fast-roll,
robust super-inflationary phase rather than a slow roll inflation. CMMS
show that there exist potentials so that the LQC corrected equations have
a stable, scaling solution which is an attractor (in the expanding branch).
Then:
i) Horizon and flatness problems solved by super-inflation
ii) Nearly scale invariant spectrum for the scalar mode.
iii) Preliminary finding for tensor mode: large blue shift. Suppression of
gravitational waves.
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Phenomenology: Flavor of Work in Progress

• Evolution of perturbations from the pre-big bang branch to the
post-big-bang one.

• Natural to put the scalar and tensor modes in the vacuum state in the
infinite past (e.g., Branderberger, et al in the Lee-Wick theory).
Idea: Vacuum fluctuations provide seeds for perturbations. Evolve them
through the bounce and examine what happens on the post-big-bang side
for perturbations with wave-lengths relevant today.
Can carry out this calculation in a general framework: Solve GR
perturbation equations on both sides and use the LQC quantum
corrections to calculate the transfer matrix. Then scale invariant spectrum
for the non-decaying scalar mode in the post-big-bang branch. (Biswas)

• These are only illustrations of the directions being pursued. They open
up very promising directions but a number of issues remain in all
calculations I know. Being taken up by LQC experts now.

– p. 24



4. Summary

• Quantum geometry creates a brand new repulsive force in the Planck
regime, replacing the big-bang by a quantum bounce. Repulsive force
rises and dies very quickly but makes dramatic changes to classical
dynamics. (Origin: Planck scale non-locality of quantum Einstein’s equations.)

New paradigm: Physics does not end at singularities.
Quantum space-times may be vastly larger than Einstein’s.

• Long standing questions I began with have been answered. Challenge
to background independent theories: Detailed recovery of classical GR at
low curvatures/densities (Green and Unruh). Met in cosmological models.
Singularities analyzed are of direct cosmological interest.

• Detailed analysis in specific models but taken together with the BKL
conjecture, results suggest that all space-like, strong curvature
singularities may be resolved by the quantum geometry effects of LQG.

• First results on the phenomenological front have already appeared.
Growing exchange between cosmologists and the LQC community.
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Gravitational Entropy

• We know from the closed k=1 models that matter entropy increases in
both expanding and contracting branches. But BH thermodynamics has
taught us that we must also consider gravitational entropy. Missing in
early considerations (Tolman et al).

• The gravitational entropy also refers to coarse graining. It is just that in
presence of horizons a natural coarse graining is available: Ignore the
degrees of freedom inside the horizon. In a black hole formation, this
tracing over the "inside" degrees of freedom yields a mixed state in QFT in
CST (without inclusion of back reaction). (Hawking)
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Entropy and the Quantum bounce

• In dynamical situations: There is a precise notion of Dynamical
horizons. Laws of black hole thermodynamics have been generalized to
these horizons. in fact, there is an improvement: Change in area not just
positive in classical GR but directly related to the flux of energy into the
DH. (AA, Krishnan, Booth, Fairhurst, Hayward, ...)

• No DH in FLRW space-times. But there is one in the LQC corrected
space-time. Forms near the bounce in the contracting branch, expands
rapidly and has infinite area at the bounce and then disappears! (AA,

Wilson-Ewing, Singh)

• In the pre-big-bang branch the total entropy at the bounce increases to
infinity. But the coarse graining disappears at the bounce point. So we
have to reset the zero of entropy at the bounce and then it increases again
in the expanding branch.
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Merits and Limitations of QC

One’s first reaction: Symmetry reduction gives only toy models! Full
theory much richer and much more complicated. But examples can be
powerful.
• Full QED versus Dirac’s hydrogen atom.
• Singularity Theorems versus first discoveries in simple models.
• BKL behavior: homogeneous Bianchi models.

Do not imply that behavior found in examples is necessarily generic.
Rather, they can reveal important aspects of the full theory and should not
be dismissed a priori.

One can work one’s way up by considering more and more complicated
cases. (e.g. recent work of the Madrid group on Gowdy models which have infinite

degrees of freedom). At each step, models provide important physical checks
well beyond formal mathematics. Can have strong lessons for the full
theory.
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k=0 Model with NegativeΛ
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Contrasting LQC and WDW Quantum Cosmology
• In the WDW quantum cosmology, one did not have guidance from a full
quantum gravity theory. Therefore, in quantum cosmology, one just
followed standard QM and constructed the Schrödinger representation of
the fundamental operator algebra.

• By contrast, quantum kinematics of LQG has been rigorously
developed. Background independence ⇒ unique representation of the
kinematic algebra (Lewandowski, Okolow, Sahlmann, Thiemann; Fleishhack)

Provides the arena to formulate quantum Einstein equations.

• If one follows this procedure in the cosmological models, one of the
assumptions of the von Neumann theorem violated ⇒ uniqueness result
bypassed.

[ von Neumann’s uniqueness theorem: There is a unique IRR of the Weyl operators
Û(λ), V̂ (µ) by 1-parameter unitary groups on a Hilbert space satisfying:

i) Û(λ) V̂ (µ) = eiλµ V̂ (µ) Û(λ); and ii) Weak continuity in λ, µ. This is the standard

Schrödinger representation. (U(λ) = eiλx and V (µ) = eiµp) ]

Inequivalent representations even for mini-superspaces. New quantum
mechanics! (AA, Bojowald, Lewandowski) WDW theory and LQC are distinct
already kinematically!
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Precise relation between LQC and the WDW Theory

Question analyzed in detail for the k=0 model. (Corichi, Singh, AA). Expect
the answer to be the same for others.

Start with the ‘same physical state at time φ = φo’ and evolve using LQC
or WDW theory. Then:

Certain predictions of LQC approach those of the WDW theory as the
area gap λ goes to zero:
Given a semi-infinite ‘time’ interval ∆φ and ǫ > 0, there exists a δ > 0
such that ∀λ < δ, ‘physical predictions of the two theories are within ǫ
of each other.’

However, approximation is not uniform. The WDW theory is not the
limit of sLQC:
Given N > 0 however large, there exists a φ such that
〈V̂φ〉sLQC − 〈V̂φ〉WDW > N .
LQC is fundamentally discrete.
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Bousso’s Covariant Entropy Bound
• Conjecture ( Simplest Version): The matter entropy flux across L(B) is
bounded by

S :=
∫

L(B)
SadAa ≤ AB/4ℓ2Pl.

• Curious features:
i) Requires a notion of entropy current;
ii) Refers to quantum gravity;
iii) Requires a classical geometry.
Consequently, quite difficult to test in practice!

• In classical GR:
If we consider k=0 FLRW models filled with radiation,

S

AB

=
ℓ2Pl

6
(

2

45π
)1/4

√
ℓPl√
τf

(

1 −
√

τi

τf

)

For round B, the bound holds if τf > 0.1tPl but
arbitrarily large violations near the singularity.
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• LQC provides an ideal arena:
i) Singularity is resolved by quantum gravity;
ii) The wave function is sharply peaked about a mean metric, a smooth
field (although coefficients involve ~).

• Answer: S
AB

< 0.244/ℓ2Pl (AA, Wilson-Ewing)

The bound is satisfied in LQC!
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SUPPLEMENT: LQC Kinematics
• Recall the canonically conjugate variables of LQG:
Ai

a, SU(2) gravitational connections and, Ea
i , orthonormal triads.

Spatial homogeneity and isotropy implies
⋆ Aa = c ω̊i

aσi
︸︷︷︸

fixed

, Ea = p e̊a
i σi

︸︷︷︸

fixed

⋆ c ∼ ȧ
⋆ holonomy: he(c) = cosµc 1 + sinµc ėaω̊i

aσi

(Almost periodic in c )
⋆ |p| = a2 .
⋆ p → −p changes only the orientation of the triad.
Large gauge transformation; leaves physics invariant.

⋆ Canonically conjugate pairs:
c, p for gravity φ, pφ for matter

• Loop quantum cosmology:
Key strategy:
Do not naively set H = L2(R, dc) and ĉΨ(c) = cΨ(c); p̂Ψ(c) = −i~dΨ

dc .
Rather, Follow full theory.
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SUPPLEMENT: New Quantum Mechanics

• States: |Ψ〉 =
∑

i Ψi |pi〉 ||Ψ||2 =
∑

i |Ψi|2
Note: < pi|pj >= δij (Kronecker delta, not Dirac!)
Any wave function Ψ(p) := 〈Ψ | p〉 has support only on a countable number
of points. Hilbert space: H = L2(R̄Bohr, dµBohr) 6= L2(R, dp)

• In full LQG, Quantum configuration space is larger than the classical
configuration space: A −→ Ā.
Trickles down to the symmetry reduced sector: R −→ R̄Bohr.

• Operators: p̂Ψ(p) = pΨ(p) (self-adjoint);

ĥµΨ(p) ≡ êxp iµc Ψ(p) = Ψ(p + µ) (unitary)

But no connection operator ĉ ! Reason: ĥµ fails to be continuous in µ.

• Von-Neumann theorem bypassed. New Quantum Mechanics possible.
Representation indeed inequivalent to Schrödinger’s, i.e. to the WDW
theory already kinematically. This kinematic structure mimics that of the
full LQG.
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